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I. INTRODUCTION
The rapid growth of the modern telecommunication market and of the use of wireless sensors in the last two decades gave rise to the development of design tools for resonatortype surface acoustic wave (SAW) and bulk acoustic wave (BAW) filters, with SAWs or BAWs excited by interdigital transducers (IDTs) and reflected by electrodes of a periodic metal grating. A resonator performance depends on the wave characteristics in the grating. The simulation of a resonator usually involves a combination of numerical techniques. The Finite Element Method (FEM) 1 is an efficient tool for analysis of the nonhomogeneous electrode area. The FEM is able to take into account a complicated geometry of a grating due to discretization of the entire FEM domain, but it requires a large computational time. Therefore, the FEM is usually combined with a faster Boundary Element Method (BEM) 2, 3 or Spectral Domain Analysis (SDA) 4, 5 applied to a semi-infinite homogeneous substrate. Both BEM and SDA use the Green's functions formalism. Although the BEM allows for the analysis of finite gratings with a complex geometry, 3 SDA is faster and therefore preferable for investigation of long regular arrays of metal electrodes.
In recent years, the driver of the development of simulation techniques was the achievements of thin film fabrication technologies: thin layers of piezoelectric or dielectric materials with stable and reproducible characteristics have been successfully implemented in SAW and BAW devices and provide combinations of wave characteristics that cannot be achieved in known single crystals. With variation of the material structure and boundary conditions, acoustic waves modify their nature and require new numerical tools for rigorous simulation. For example, analysis of acoustic waves propagating under a periodic metal grating buried in a dielectric overlay usually requires two software versions, with mechanically free boundary conditions on the top surface defined when the overlay thickness is less than a wavelength or omitted when film thickness exceeds few wavelengths. In the first case, the maximum film thickness is limited because the overlay is usually added to the FEM domain 5 and the computation time increases dramatically with its thickness. In the second case, the overlay is assumed to be semi-infinite and the acoustic waves propagate along the substrate/overlay interface. Such an approach is unable to predict the effect of spurious higher-order modes on resonator performance when the overlay thickness is a few wavelengths. Other structures, which recently found application in SAW and BAW resonators and require rigorous simulation, are thin piezoelectric wafers (usually LiNbO 3 or LiTaO 3 ) bonded to silicon or glass wafers 6, 7 and membranes with laterally excited Lamb waves or shear-horizontally (SH) polarized plate modes utilized in thin film bulk acoustic wave resonators (FBARs). 8, 9 All of these resonators use periodic gratings for excitation and reflection of acoustic waves.
A numerical technique providing a unified approach to the analysis of acoustic waves in all of these structures could help optimize the layer thicknesses to achieve the required combination of wave characteristics and suppress spurious modes, independent of the nature of acoustic waves a)
Author to whom correspondence should be addressed. propagating in a resonator. In addition, such a technique could reveal the impact of the varying wave nature on the device performance and help estimate the practical ranges of the layer thicknesses in each resonator type. This paper describes such an advanced numerical technique and presents a few examples of its application to material structures used in actual SAW and BAW resonators. The described technique combines the approach previously used in the method FEM/SDA 4 for analysis of acoustic waves in periodic gratings of finite thickness with a few efficient numerical tools, which provide fast and robust simulation of wave characteristics in layered structures. The general structure under investigation includes a periodic metal grating of finite thickness sandwiched between two multilayered semi-infinite media, with arbitrary thicknesses of each layer. Most of the known material configurations with acoustic waves propagating in a periodic grating can be considered as subcases of this structure. Hence, an unified approach can be applied to different types of acoustic waves propagating in actual SAW and BAW resonators.
The most important features characterizing the new technique and ensuring its robustness and universal characteristics are outlined in Sec. II. A more detailed description is given in Sec. III.
II. GENERAL FEATURES OF THE ADVANCED NUMERICAL TECHNIQUE

A. Full-space analysis
The analyzed structure is schematically shown in Figure  1 . An infinite periodic grating with pitch p and electrodes of finite thickness h el is sandwiched between two multilayered semi-infinite media. An acoustic wave travels along the X-axis, and the layer interfaces are normal to the Z-axis. The electrodes are long and parallel to the Y-axis. To provide an unified approach to the investigation of SAWs in a substrate with or without additional films, plate modes in a plate of finite thickness and boundary waves existing at the interface between two semi-infinite media, simulations are performed in the full space confined between z ¼ À1 and z ¼ þ1. This space is divided into three domains, according to the method of their analysis. FEM is used in the electrode domain, located between z ¼ 0 and z ¼ h el . In the upper (z > h el ) and lower (z < 0) multilayered semi-infinite structures, the spectral domain approach is used.
The uppermost or lowest semi-infinite medium is included in the SDA procedure, even if it is air. Due to the very low values of the elastic constants and the mass density assigned to the air medium, the stress-free mechanical boundary conditions at the air-material interface are automatically modeled. Hence, the commonly used half-analytical approach assuming an analytical treatment of the mechanical boundary conditions at any air-material interface is replaced by a completely numerical procedure that handles any film thickness between zero and infinite values and enables easy incorporation of additional layers in the upper or lower SDA regions.
B. Matrix formalism with improved convergence
The matrix formalism 10,11 is a convenient tool for the numerical solution of the SAW problem, especially in multilayered structures, 12 due to the easy formulation of the boundary conditions between the layers. Each material is characterized by its state matrix. This matrix is composed of the mechanical and electrical characteristics of the eigenmodes satisfying the field equations. These characteristics are continuous across the boundaries between the layers, according to the boundary conditions. To estimate the transformation of the state matrix within each layer of finite thickness, the transfer matrix is built. The state matrix determined at the surface or interface to which a harmonic electric voltage is applied must take into account the impact of all material layers located below and above this interface.
The transfer matrix is known to be poorly conditioned when a layer thickness exceeds 3-5 wavelengths. The loss of stability in the matrix computations can be avoided if the transformation of the wave structure within a layer is deduced via separate treatment of the incoming and outgoing partial modes and the transfer matrix is replaced by reflection and transmission matrix coefficients. 13, 14 This approach ensures robust analysis of multiple layers with arbitrary thickness.
C. Other improvements
Other improvements refer to the software SDA-FEM-SDA, which embodies the developed numerical technique. Additional options of the software, such as obliquely propagating grating modes, multi-metal electrodes with complicated profile, nonzero dielectric and viscous losses in any material of a multilayered structure, etc., are important for fine tuning of a resonator structure and help to satisfy specific requirements of actual resonator devices. Mechanical displacements accompanying the wave propagation can be extracted and visualized to provide insight into the physical nature of the propagating waves. SAWs, plate modes (e.g., Lamb waves), interface waves (e.g., Stonely waves), Love waves, or Rayleigh-type waves in a substrate with thin film. Independent of the wave nature, a grating mode propagating in a periodic structure with pitch p consists of an infinite set of Floquet harmonics 15 uðxÞ
where lth harmonic is characterized by the wave number
p and the wavelength k l , or the spectral frequency
Hence, the fundamental mode (l¼0) is accompanied by the infinite number of additional forward (k l > 0) and backward (k l < 0) propagating modes. Usually, the spectral frequency varies in the first Brillouin zone, or À0:5 < s < 0:5, and the number of the analyzed Floquet harmonics is finite, Àl max < l < l max . If l max is not sufficiently large, to satisfy the reciprocity principle, the number of forward and backward propagating modes must be equal, i.e., Àl max < l < l max À 1. 
a ðiÞ is the decay coefficient responsible for attenuation of the ith partial mode with depth, and the generalized displacement and stress vectors
defined at z ¼ 0, are composed of mechanical displacements u n , normal stresses T 3n , electric potential u and normal electrical displacement D 3 . In a non-piezoelectric medium, the electric components of the vectors U and L are omitted, and the state matrix (2) is comprised of the characteristics of six partial modes. The vectors s ðiÞ and the scalar coefficients a i (i ¼ 1,…, 8) associated with partial waves are the eigenvectors and eigenvalues of the fundamental acoustic tensorÂ, 10 As ¼ as; (6) which depends on the mass density q and the tensors of the material constants: elastic stiffness c ijkm , piezoelectric constants e ijm , and dielectric permittivity e im , rotated according to the orientation of the material with respect to its crystallographic axes
whereX ¼ ðÛ 33 Þ À1 and the components of the submatriceŝ 
The matrix of the tensorÂ is generally complex and takes into account attenuation typical for a leaky SAW (LSAW) or nonzero viscous losses in the material. The numerical procedure of finding eigenmodes of a matrix was applied to air as a subcase of the isotropic medium. The results of the analysis did not differ noticeably from that obtained with stress-free conditions set analytically at the air/material interface. In a piezoelectric medium, the eight determined eigenmodes are divided into four incoming (superscript "À" in further equations) and four outgoing (superscript "þ") partial waves, with amplitudes decreasing or increasing when jzj!1, respectively.
In the uppermost and lowest half-spaces, four incoming partial waves are selected to build a pure SAW solution. The quasi-bulk partial modes contribute to the LSAW solution and must be outgoing, with amplitude slowly growing with jzj.
In a layer of finite thickness h, two diagonal 4 Â 4 matrices of propagators,K þ andK À , with components
can be built, where k¼2p/k l is a current wavelength of the lth Floquet harmonic.
At the interface between the current (nth) and the previous (nÀ1)th layers, the 4 Â 4 transmissiont and reflectionr matrix coefficients are defined The reflection coefficientr transforms within the layer of finite thickness. In the upper SDA region, it is determined at the lower boundary of the nth layer aŝ
Due to the separate treatment of the incoming and the outgoing waves and the inversion of the propagator matrix K þ ðnÞ referring to the outgoing waves with amplitude increasing with film thickness, the numerical noise typical for the transfer matrix method when the layer thickness exceeds a few wavelengths does not occur. The state matrixŴ n can be found at the lower boundary of the nth layer
With increasing layer thickness, the contributions of the reflected outgoing waves intoR n andŴ n vanish. These contributions also decrease when viscous losses are introduced in a layer material in the form of small imaginary parts of elastic stiffness constants.
Finally, after all of the layers of the upper and lower SDA regions have been treated in a similar manner, the state matrices can be determined at both boundaries of the FEM domain,Ŵ
The surface impedance matriceŝ
relate the displacements and the normal stresses at each boundary. The 4 Â 4 matrixẐ LOW can be written aŝ À1 has a meaning of surface effective permittivity 16 at z ¼ 0.
For structures with dielectric layers in the upper SDA region,Ẑ UP ¼Ẑ M h . Then, the impedance matrix has dimensions 3 Â 3 and the transformation of the dielectric permittivity from the uppermost semi-infinite medium (n¼1) to the interface z¼h el can be evaluated using the recursive equation
where n 1 and n 2 refer to the neighbor layers, and e 1 ¼ 1 if the uppermost or lowest semi-infinite medium is air.
C. FEM analysis of the electrode domain
FEM analysis is applied to the electrode domain, 0 < z < h el , within one period of a grating, Àp/2 < x < p/2. The periodicity of the grating is taken into account uðx þ pÞ ¼ uðxÞ Á expðÀj2psÞ: (22) In the gaps between the electrodes, dielectric material or air is assumed. The electrode profile is generally non-rectangular and is characterized by the aspect ratio g¼(a 0 À a h )/h el , where a 0 and a h are electrode widths at z¼0 and z¼h el , respectively. After discretization of the FEM domain, the relation between the normal stress T and displacement u vectors is defined for each element,
whereK andM are the stiffness and mass matrices, respectively. Using shape functions, these equations are transformed into the FEM system of 3N p equations
whereũ andT are the arrays, each of which contain 3N p components of the displacement and stress vectors in N p nodal points, andK 
whereÂ 00 ,Â hh ,Â 0h , andÂ h0 are the submatrices of the effective matrixÂ EFF , which was derived fromÂ by exclusion of the nodal points inside the FEM domain. The subscripts "0" and "h" refer to the SDA/FEM interfaces of z ¼ 0 and z ¼ h el , respectively. In the spectral domain, the following ratio between the displacements u h ðs l Þ and the stresses T h ðs l Þ holds at z¼h el :
where the mechanical impedance matrixẐ M h depends on a spectral frequency s l of the lth Floquet harmonic. The periodic function T h ðxÞ can be written as a Fourier expansion
with coefficients
The integral in (29) can be replaced by summation over the nodal points x i confined within one period of a grating. If the components of the stresses T h ðxÞ assigned to N x nodal points are combined into the 3N x -dimensional arrayT FEM determined by the FEM simulations and the stresses T h ðs l Þ assigned to 2l max Floquet harmonics and determined by SDA are represented by the 6l max -dimensional arrayT SDA , Eq. (29) can be written in matrix form
whereF ¼T SDA ½T FEM À1 is the compound 6l max Â 3N x matrix, which denotes conversion from the x-dependent variables into the variables dependent on spectral frequencies and can be computed using Eqs. (29)- (30). From Eqs. (25)- (30), the ratio between the stresses and the displacements can be evaluated in the nodal points located at the lower boundary of the FEM domaiñ
The matrixB contains information about all of the eigenmodes propagating in the upper multilayered SDA region and includes the effect of the mechanical load produced by electrodes, as well as the load produced by the gaps if they are filled with dielectric film. This matrix is further used for the formulation of electrical boundary conditions at z ¼ 0 and the calculation of the harmonic admittance (HA) of a periodic grating.
If a gap between electrodes is filled with air or isotropic dielectric material, the sagittal components of displacements, u 1 and u 3 , in the FEM domain are uncoupled with the SHcomponent, u 2 , and K 12 ¼ K 21 ¼ 0 in the FEM Eq. (23), which indicates the certain symmetry of the matrixB. With deposition of isotropic layers over the grating, the matrixB remains symmetric, but its symmetry may be disturbed if at least one of the upper layers is anisotropic. Therefore, FEM analysis should be performed in 3D space and not simplified to separate treatments of the sagittal and SH polarizations, even when the symmetric orientation is considered in a substrate material; this is especially important when the analyzed wave propagates obliquely in a grating.
D. Harmonic admittance of the grating
The final goal of the analysis is the calculation of the HA, 17 or the strip admittance, 18 which characterizes the response of a system to the applied harmonic voltage. HA is a function of frequency f and spectral frequency s. HA may be approximated very accurately using the formal parameters, which describe dispersion of acoustic waves in short-circuit (SC) and open-circuit (OC) gratings and take into account the interaction of each mode with a grating and interactions between the modes, if necessary. 19 These parameters are usually extracted from the numerically determined HA and further used in the coupling-of-modes (COM) model 20 for the design of a resonator with the required parameters.
The concept of HA is an efficient approach to the analysis of acoustic waves in a periodic grating. Similar to the effective permittivity function referred to semi-infinite piezoelectric medium, 16 HA stores information regarding all of the acoustic modes existing in a given structure and relates the electric charge Q to the electric potential U on an electrode of an infinite grating
For the lth Floquet harmonic with the spectral frequency s l , the ratio between the charge Q 0 ðs l Þ and the electric potential U 0 ðs l Þ can be determined from Eqs. (18) and (20) 
or, in matrix form,
where the compound matricesẐ
E relate the arrays combining displacementsũ S , normal stressesT S , electrical potentialsŨ S , and chargesQ S of 2l max Floquet harmonics.
The arraysũ S andT S can be found from the boundary conditions requiring continuity of the mechanical displacements and the normal stresses at z ¼ 0, via conversion from u X andT X at the nodal points of the interface, z ¼ þ0, intõ u S andT S , using equations similar to Eqs. (29) and (30). Then,Ũ S can be expressed as a function ofQ S with the unknown array parameterũ X . The latter can be excluded from theŨ S ðQ S Þ ratio using the requirement of zero total energy transport from the interface between the FEM and SDA regions, z ¼ 0. For fast convergence of the numerical procedure, the rigorous form of this boundary condition can be replaced by its weakened form, which is suitable for numerical solution of the problem
where P z¼À0 and P z¼þ0 are the normal components of the Pointing vectors at z ¼ 0, derived from the SDA analysis of the lower region and the FEM analysis of the electrode domain, respectively. The relation between the electric charges and potentials can be written in matrix form
The element H il of the matrixĤ relates the electric potential Uðs i Þ on the electrode of a grating associated with the ith harmonic and the electric charge Qðs l Þ associated with the lth harmonic. The details of the derivation and the found components of the matrixĤ in terms of matricesẐ 
where D ¼ pa 0 =p, a 0 is the electrode width at z¼0 and P m ðxÞ denotes the Legendre polynomial of the first kind. From this comparison, the amplitudes C l of 2l max Floquet harmonics can be found, and the HA function can be finally calculated.
IV. EXAMPLES OF THE ANALYSIS
The numerical technique described above is illustrated by a few examples that demonstrate its abilities and consistency between the results obtained for different types of waves. The analyzed structures are widely used or appear promising as materials for resonator filters. The YX-cut of lithium niobate, LiNbO 3 , is considered in all examples as a piezoelectric material. Hereafter, the YX-cut of lithium niobate is denoted as YX-LN or simply LN. Variation of the wave characteristics is investigated when silicon, isotropic silicon dioxide (SiO 2 ) film, or both materials are added to LN and the thicknesses of the LN wafer and the additional layers change continuously within wide ranges.
An LSAW propagating in a YX-LN substrate is characterized by quasi-shear-horizontal (qSH) polarization, high velocity and high electromechanical coupling coefficient; but, as with any leaky wave, it attenuates because of bulk wave radiation. To transform an LSAW into an SAW and thus suppress the leakage, heavy electrodes are commonly utilized. In the examples, a periodic grating with Cu electrodes and a metallization ratio of a/p ¼ 0.5 is considered. The electrodes have a thickness h el ¼ 0.125p and an aspect ratio g ¼ 0. 2  (electrode edge angle of approximately 85 ). The characteristics of SAW and other waves propagating under a periodic grating were extracted from the numerical solutions of the equations Y À1 ðf Þ ¼ 0 (for an SC grating) or Yðf Þ ¼ 0 (for an OC grating), where the HA of the grating Yðf ; sÞ was calculated at the Bragg's reflection condition, k¼2p, or s¼0.5. From the numerically found resonant f R and anti-resonant f A frequencies, which satisfy the electrical boundary conditions of SC and OC gratings, respectively, the effective resonant and antiresonant velocities in the gratings were estimated as V R ¼ 2pf R and V A ¼ 2pf A , respectively, and the electromechanical coupling coefficient in the grating was evaluated
All simulations were performed with the reported material constants of LiNbO 3 , 21 isotropic SiO 2 , 22 and silicon. 22 For copper, the Young's modulus E ¼ 129 GPa, the Poisson ratio ¼ 0.34, and the mass density q ¼ 8900 g/m 3 were used.
A. SAW and boundary waves in YX-LN with SiO 2 overlay
In the first example, the LN substrate with Cu grating is overlaid by a SiO 2 overlay. Due to the positive temperature coefficients of frequency (TCF) in SiO 2 , this film is often used to improve the temperature characteristics of the SAW resonators built of LiNbO 3 or LiTaO 3 substrates. 23 Simulations were performed with the SiO 2 in the gaps between Cu electrodes in the FEM domain, semi-infinite LN in the lower SDA region and a SiO 2 layer of variable thickness under semi-infinite air in the upper SDA region. increasing from zero to h Cu ¼0.125p (Figure 2(a) ), then with further deposition of SiO 2 film in the gaps between the electrodes (Figure 2(b) ), and finally with an overlay thickness growing from zero to h SiO2 ¼4p (Figure 2(c) ). The overlay thickness is measured from the top of the electrodes, z ¼ h el . In Figure 2 , the constant velocity values refer to the slow shear (V LN-B1 ) and the fast shear (V LN-B2 ) BAW velocities in YX-LN, the shear BAW (V SiO2-B1 ), and the Rayleigh SAW (V SiO2-R ) velocities in SiO 2 .
When the Cu thickness increases from zero to 0.125p (Figure 2(a) ), the LSAW velocity decreases by 30% to V R ¼3216 m/s and V A ¼3810 m/s. This mode has an electromechanical coupling k 2 ¼33%. The mode totally transforms into an SH-type SAW at h Cu ¼0.095p. Further deposition of SiO 2 in the gaps between electrodes (Figure 2(b) ) results in a slow increase in the SAW velocity, while the coupling reduces to 26%. When an additional SiO 2 film overlays the flattened surface (Figure 2(c) ) and its thickness exceeds 2p, SH-SAW, or the Love wave, transforms into a boundary wave travelling along the LN/SiO 2 interface. The coupling of the SH-SAW does not exceed 7%, but the TCF improves and crosses zero value at h SiO2 ¼0.8p in the OC grating ( Figure 3) . The TCF values in SC (OC) gratings were calculated using the effective resonant (anti-resonant) velocities at room temperature t 0 ¼25
and around it and the thermal expansion coefficient (TEC) a x along X-axis of LiNbO 3 ,
The spurious Rayleigh SAW, propagating with a velocity V S ¼3418.5 m/s and with a coupling k This example illustrates the continuous transformation of SAW into a boundary wave with increasing SiO 2 film thickness. More detailed insight into the mechanism of this transformation may be found in Ref. 24 . Rigorous simulations for arbitrary film thickness provide accurate estimation of the TCF and coupling as functions of the SiO 2 thickness and enable optimization of the film thickness to achieve a trade-off between these two important parameters.
B. Modes propagating in a LN wafer bonded to a silicon substrate
By bonding a LiNbO 3 wafer to a silicon substrate, the temperature characteristics of a device may be improved because of low TEC values of Si compared to LN. In addition, a SAW resonator may be integrated with other elements on a semiconductor chip. 6, 7 However, the large difference in TECs may require an intermediate layer between two materials, for example, SiO 2 film. 25 In this example, the developed technique is applied to the LN/Si structure. The effect of the additional SiO 2 film introduced between LN and Si will be considered in the next example.
Simulations were performed with semi-infinite air in the upper SDA region, Cu electrodes with air gaps in the FEM domain and semi-infinite silicon overlaid by a LiNbO 3 layer of variable thickness h LN in the lower SDA region. The calculated effective velocities of the modes are shown in (Figure 2(a) ). At h LN <0.5p, the coupling of both modes decreases rapidly and tends to zero. Non-attenuated high-velocity modes can propagate in a structure when h LN >0.7p. In Figure 5 , such modes can be seen arising from one of two shear BAW velocities in silicon, V Si-B1 or V Si-B2 , depending on the mode polarization. Figure 6 shows an example of the admittance and the displacements associated with two modes propagating in a structure with a sufficiently thick LN wafer, h LN ¼10p. Such a thickness is typical for SAW resonators utilizing bonded wafers. Mode 1 is similar to SH-SAW propagating in a semiinfinite LN substrate and has displacements focused near the LN surface. Mode 2, which is a Rayleigh-type wave, manifests itself by the ripple between the resonant and antiresonant frequencies of mode 1. Higher-order modes produce multiple ripples at normalized frequencies confined between f 0 ¼ V LN-B1 and f 0 ¼ V Si-B2 . Due to viscous losses introduced in the LN wafer, the impact of the higher-order modes on the admittance vanishes with increasing LN thickness.
No numerical noise occurs when the numerical technique is applied to layer thicknesses exceeding 5-10p. Due to the high accuracy of simulations, the effect of additional SiO 2 film added to LN/Si interface on the admittance function can be carefully investigated, as shown in the next example.
C. Modes propagating in the LN/SiO 2 /Si structure This numerical example differs from the previous one by the SiO 2 film between the LN and the Si. In the simulations, the SiO 2 is added to the lower SDA region, between the semi-infinite Si substrate and the LN layer. The effective velocities of the SH-SAW, the Rayleigh SAW, and the higher-order modes are shown in Figure 7 as functions of the SiO 2 film thickness. The LN thickness is fixed, h LN ¼4p. In this example, the performance of a resonator degrades with increasing SiO 2 film thickness because the spurious modes move towards the anti-resonance (Figure 8 frequencies. To avoid the appearance of spurious modes within a certain margin over f A , simultaneous optimization of the LN and the SiO 2 thicknesses should be performed.
D. Plate modes in LN
The last numerical example considers plate modes in LiNbO 3 . Although fabrication of very thin plates is a challenge today, due to successful combination of high velocities, very high electromechanical coupling and the possibility of using common IDTs for excitation of plate modes, LiNbO 3 plates were applied recently in high frequency and ultra wide band resonators for tunable filters. 9 Figure 9(a) shows the calculated velocities and the coupling of plate modes propagating in YX-LN as functions of the normalized thickness h LN /p. In the simulations, the semiinfinite air medium was overlaid by the LN layer in the lower SDA region. The upper SDA region is semi-infinite air medium, and air fills the gaps between the Cu electrodes in the FEM domain.
When h LN >1.5p, the velocities and coupling of two zero-order modes, quasi-anti-symmetric (qA 0 ) and quasi-SH-polarized (qSH 0 ), approach the values typical for SH-SAW and Rayleigh SAW in a LN substrate (Figure 2(a) ) and in LN/Si structures with a sufficiently thick LN layer ( Figure  5 ). However, both modes are perturbed by the interactions with the quasi-symmetric zero-order mode (qS 0 ). In thinner LN plates, the velocity of the qSH 0 mode decreases, but its coupling remains high, at approximately 33%. The Rayleigh SAW with velocity V S ¼3418 m/s existing at h LN >2p gives rise to two branches of plate modes when h LN decreases: qS 0 and qA 0 . When the plate thickness approaches zero, the velocity of one branch approaches V LN-B3 and the velocity of the other branch approaches zero. Here, V LN-B3 is the longitudinal BAW velocity in YX-LN.
The coupling of the qS 0 and qSH 0 modes depends strongly on the electrical boundary conditions at the bottom surface of the LN plate. of the simulations for the LN plates with an SC aluminum (Al) electrode of finite thickness (0.125p) at the bottom of the plate. In simulations of the lower SDA region, the Al layer was added between the semi-infinite air and the LN layer. When h LN decreases, the coupling of the qSH 0 mode decreases, and the coupling of qS 0 mode grows and reaches 19% at h LN ¼0.5p. The enhancement of the higher-velocity plate mode by deposition of the metal electrode at the bottom of the LN plate may be useful for high frequency applications.
The higher-order plate modes can propagate when h LN >0.2p. Strong perturbations of these modes at high velocities which is seen in Figures 9(a) and 9(b) may be explained by their interactions with the third harmonic of qSH 0 mode excited with an effective wavelength k 3 ¼6p.
An example of the admittance is presented in Figure 10 . The wave structure is visualized at the resonant frequencies that refer to five plate modes. Some asymmetry with respect to the middle line of the plate can be observed for all of the modes. This behavior can be explained by the difference between the boundary conditions at the top and bottom surfaces of the LN. All of the modes have mixed polarization because of interactions between them. For modes 2 and 3, the dominant component of polarizations is u 2 . Modes 1 (anti-symmetric), 4 (symmetric), and 5 (mixed) are primarily sagittally polarized.
The results of the simulations for LN plates agree with the previously reported experimental characteristics of resonator structures using LN plates 9 and simulations using analytical treatment of mechanically free plate surfaces. The described technique was successfully applied to investigation of Lamb waves in aluminum nitride membranes. 26 
V. CONCLUSIONS
The developed numerical technique is an efficient tool for optimization of the wave characteristics in SAW and BAW resonators, which use periodic metal gratings. The examples considered in the paper demonstrate that the same approach can be applied to SAW in a substrate with or without dielectric layers, thin plates, piezoelectric wafer of a few wavelengths thickness bonded to a nonpiezoelectric substrate and to many other structures. Consistency between the calculated characteristics of the acoustic waves propagating in the LN substrate, in sufficiently thick LN plates or in a thick LN wafer bonded to a silicon substrate, enables optimization of materials for resonator devices by variation of the layer or plate thicknesses within wide ranges, independent of the varying nature of the propagating waves.
